Dynamics and thermodynamics of ultracold ion chains in harmonic traps at low temperatures are discussed. The spectrum of the linear excitations and the thermodynamic properties are considered in view of a properly defined thermodynamic limit, at which they reproduce the ones of a homogeneous Coulomb chain. The basic assumptions of this theory are discussed under the conditions of experimental realizations.
Introduction
Ion crystals in Penning or Paul traps are a peculiar form of condensed matter [1, 2] . They are formed by singly charged particles, which interact by means of the Coulomb repulsion and which are confined by external potentials. Crystallization is reached by means of laser cooling, which reduces the particles' thermal energy till they localize at the classical equilibrium positions of the total potential. In this regime, the density of charges is rarefied, the interparticle distance being of the order of several micrometres. Variation of the potential permits one to control the crystal shape as well as the number of ions, thus offering the unique opportunity of studying the transition from few particles to mesoscopic systems.
One-dimensional ion crystals in traps offer peculiar features, which make them an unusual form of condensed matter. The most striking property is the equilibrium charge distribution, which sets the basic symmetries determining the excitations. This property is due to the longrange interaction and to the dimensionality. In fact, in three dimensions the distribution of charges in a harmonic potential is homogeneous and the eigenmodes are phononic-like waves. In a Coulomb chain with axial confinement, in contrast, the equilibrium charge distribution is not homogenous [3, 4] , and the resulting excitations are fundamentally different from the phonons in solids, leading to interesting thermodynamic properties [5] .
The purpose of this paper is to discuss the dynamics of ion chains inside a harmonic potential. We will review results derived in [5] and compare the dynamics and thermodynamic properties with the ones of a homogeneous Coulomb chain, considering the thermodynamic limit introduced in [5] . Finally, we will connect the basic assumptions of this theory with the conditions of experimental realizations [6] . This paper is organized as follows. In section 2, the model is introduced, and the classical ground state of the ion chain, derived in [3] , is discussed. In section 3, the derivation of the spectrum is sketched, and it is discussed in the thermodynamic limit. In section 4, some salient thermodynamic properties are reviewed and discussed, and in section 5 we consider some basic assumptions in relation to experimental realizations of this system. In the appendix, the derivation of the dispersion relation of a homogeneous linear chain is reported.
Coulomb chains: the classical ground state
In this section, we briefly review the model which is at the basis of this study, namely the Hamiltonian for N particles of charge Q and mass m which are confined by a harmonic potential with cylindrical symmetry and interact solely through the Coulomb repulsion. The total potential is
where ν and ν t are the axial and the radial frequencies of the harmonic oscillator, and r j = (x j , y j , z j ) are the particle positions. We assume that the ions thermal energy is sufficiently low, such that they are localized around the classical equilibrium positions r
j of the total potential. For sufficiently large transverse frequency, the ions are aligned along the x axis; hence, r 
where the numbering convention is x i > x j for i > j. The stability of the one-dimensional structure is warranted whenever ν t exceeds a critical value, which is determined by the axial trap frequency ν and the total number of ions N, as will be discussed in section 3. In this section, we assume that this condition is fulfilled.
In the limit ν = 0, hence, when there is no external potential along the axial direction, the ions are thus confined along the x axis, but there is no equilibrium configuration. Nevertheless, distributions of equidistant charges can be formed if, for instance, the charges are confined along a ring. The limit of a homogeneous linear chain is recovered by rectifying the circle, namely by letting the ring radius R → ∞. Here, the thermodynamic limit is taken by keeping the equilibrium distance a = 2πR/N constant, and thus the linear density n = 1/a. This situation is a textbook example, where one solves the dynamics of a linear chain assuming periodic boundary conditions [7] . The dispersion relation is reported in the appendix of this paper.
For ν = 0, an equilibrium configuration exists, which is inhomogeneous, as is visible from equation (2) . The inhomogeneity of the charge distribution in a harmonic potential holds strictly for the cases in which the crystallized structure is one-or two-dimensional, while in three dimensions and for large numbers of ions the equilibrium positions are regularly spaced [4] . In order to understand this property, let us first consider the three-dimensional case. In three dimensions and for weak correlations, the density of charges at equilibrium and in the presence of the harmonic trap can be evaluated using the Gauss theorem. One finds that it is uniform inside an ellipsoid with the symmetry of the trapping potential. The application of this procedure consists in considering the charge distribution as a uniform fluid, thereby neglecting the discrete nature of the charges, and hence the energy which is associated with it. This approximation gives still a reasonable estimate at low temperatures and strong correlations. In fact, in three dimensions the energy is dominated by long-range interactions, and the density of charges is affected by correlations only on scales of the order of the interparticle spacing [3] . In one dimension, on the other hand, the contributions to the energy coming from longrange interactions and from the interaction with neighbouring charges are comparable, and they have to be both correctly considered. In particular, the equilibrium density and dynamics cannot be found by taking naively the one-dimensional limit of descriptions developed in three dimensions, and suitable theoretical treatments must be implemented. This issue has been addressed and extensively discussed in [3] for the determination of the classical ground state of an ion chain, namely in order to find an analytic solution of equation (2) for a large number of particles. Using a local density approximation, in [3] the interparticle spacing
was treated as a smooth function of the position, which is inversely proportional to the density of ions per unit length n L (
The validity of the ansatz for the one-dimensional density [11] 
was studied, which is defined for |x| L, where 2L is the length of the crystal at equilibrium. Through comparison with molecular dynamics calculations it was shown that density (3) gives a good estimate of the charge distribution in the centre of the chain at leading order in log N . The length L is evaluated by minimizing the energy of the crystal, and at leading order in log N fulfils the relation [3] 
where the corresponding ground state energy is E 0 = 3mν 2 NL(N) 2 /10. The problem of the determination of the chain excitations, given the equilibrium density (3) and long-range interactions, has been investigated in [5] . In the following, we will sketch some basic steps of this theory.
Linear fluctuations on the classical ground state: excitation spectrum
The purpose of this section is to sketch the derivation of the spectrum of a linear chain in a harmonic potential, starting from the equations of motion for the linear displacement around the classical equilibrium position. We will apply an appropriate description, which allows us to get rid of the divergences usually arising when taking the continuum limit of a onedimensional distribution of charges. This description is then discussed in the framework of other treatments developed for describing the excitations of plasmas in highly anisotropic traps. Finally, its predictions are compared with the spectrum of a homogeneous Coulomb chain with periodic boundary conditions.
We start by approximating potential (1) by its second-order Taylor expansion around the points r
i the displacements in thex-direction, and by i = y i , z i the displacements in the transverse plane. The corresponding equations of motion in this limit take the form [5] 
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These equations describe a system of coupled oscillators, with long-range interaction and position-dependent coupling strength. We first note that in the harmonic expansion the axial motion is decoupled from the transverse motion. Hence, they can be solved separately. Moreover, the coupling strengths K i,j are position-dependent and scale with the inverse cube of the equilibrium distance. As a consequence, phononic waves do not solve equations (5) and (6), and a variational ansatz based on them does not lead to converging results [5] . We consider the Fourier transformsq i (ω) of q i (t), and replaceq i (ω) by q i to simplify notations. This results in equations for the eigenmodes of frequency ω that are similar to equation (5), but withq i replaced by −ω 2 q i . The same replacement will be performed for y i (t) and z i (t). From equations (5) and (6), two eigenmodes can be already identified, which solve exactly the eigenvalue equations and are independent of the number of ions [5, 8] . These are the bulk excitations, at frequencies ν, ν t , and the breathing modes, at frequencies √ 3ν and ν for the breathing mode (taking the centre of the chain at the axes origin), with w i = q i , y i , z i . These two excitations are related to global symmetries, and correspond also to normal modes of a cigar-shaped one-component plasma [8] .
Below we sketch the evaluation of the other excitations in the long-wavelength limit. The details can be found in [5] . Using the rescaled positions ξ
where
are now the classical equilibrium positions and (3N log N) . The secular problem consists in finding the eigenvalues λ n and the eigenfunctions w In this regime, the chain is not a stable solution of equation (2) . This corresponds to the physical situation, in which the mutual ion repulsion is not sufficiently counterbalanced by the transverse confinement. In section 3.1, we quantify this statement.
An analytic solution to the secular equation can be found in the long-wavelength limit when the number of ions is large (N 1). In this case, one can approximate the chain by a continuous distribution of charges. Here, ξ is a continuous variable varying in the interval (−1, 1), while the displacement q i = q(ξ i ) is a continuous function, here denoted by q(ξ ). Then, away from the edges equation (10) takes the form
while n(ξ ) = 1 − ξ 2 is the density of charges up to a normalization factor. Now the eigenfunctions w (n) (ξ ) are functions of the continuous variable ξ , and satisfy the orthogonality relation
One can now proceed in solving the secular problem. By partial integration, equation (10) can be written as the sum of two terms I = I 0 + I, where I 0 contains the contributions of the ions around the point ξ , while the term I is determined by the value of the density and of the eigenmode function q(ξ ) and their derivatives at the end points of the chain. For the longwavelength modes, at the points ξ sufficiently far away from the edges
, where
Hence, the eigenvalue equation for the operator (11) reduces to the differential equation fulfilled by the Jacobi polynomials P 1,1 (x) (see [9] ) at the eigenvaluesλ n = − ( + 3) with = 0, 1, . . . and n = + 1, thus leading to the eigenvalue spectrum
for the axial modes and
for the transverse modes. The corresponding eigenfunctions W n ,n ⊥,y ,n ⊥,z (x, y, z) are
This solution has been obtained by neglecting edge effects and letting the average distance a(ξ ) → 0 after eliminating the divergences in integrals (11) by partial differentiation, thus taking the continuum limit of a discrete distribution of charges. Let us now discuss these two approximations. Neglecting edge effects is a reasonable assumption at the centre of the chain and in the presence of the harmonic potential. In fact, the density of the ions at the border is very rarefied and hence their contribution can be neglected. The validity of the local density approximation along the chain has been tested numerically in [3] for chains of hundreds of ions. Moreover, numerical checks of relations (14) and (15) have shown that they are the correct asymptotic expressions for N → ∞, to which the spectra of finite chains slowly converge with log N [5] . It should be remarked that the same relation (14) for the axial spectrum is also obtained by taking the one-dimensional limit of the dispersion relations of a constant density magnetized plasma of the spheroidal shape [10] , as one can verify by letting the aspect ratio ν t /ν to infinity in the equations in [10] . However, taking the one-dimensional limit of the equations derived in [10] corresponds to take the one-dimensional limit of a three-dimensional uniform density of charges. It is hence no wonder that this limit does not provide the spectrum of the radial excitations of the chain, nor the correct form of the eigenmodes, nor the correct ground state energy (as the energy for the uniform line charge is infinite).
To summarize this section, the long-wavelength eigenmodes of a linear chain in a cigarshaped harmonic potential are the Jacobi polynomials, and the spectra of excitations are given by equations (14) and (15) for the axial and transverse modes, respectively. These solutions are valid at leading order in an expansion in log N . It should be remarked that they could have been guessed from relation (12) , it being the orthogonality relation of the Jacobi polynomials P 1,1 (x). In this respect, in the limit of very long chains we can approximate equation (13) at the centre with the expression
thus reducing the secular equation to a wave equation. In this limit, the eigenmodes at the centre can be approximated with phononic waves. Comparison of this result with the homogeneous chain, obtained by imposing periodic boundary conditions, is appropriate once the thermodynamic limit has been fixed, and it will be discussed in section 3.2.
Short wavelength modes and structural stability
From the form of the spectrum of the radial excitations in the long-wavelength limit, equation (15), it is already clear that the transverse frequencies ω ⊥ n are in general smaller than ν t . In particular, with approximate analytical methods one can find the largest eigenvalue of I [w i , w j ], and thus the smallest value ω ⊥ min of the transverse eigenfrequencies. At leading order in log N, it has the form [5, 11] 
Stability is warranted whenever ω ⊥ min > 0, thereby fixing a relation between N, ν t and ν. When this inequality is fulfilled, the chain is stable, as the transverse potential counteracts effectively the Coulomb repulsion among the ions, which tends to tear the chain transversally and which is larger at the chain centre, where the interparticle distance a L (0) = 1/n L (0) is minimal. A discussion about the transition, occurring at the critical value at which ω ⊥ min vanishes, can be found, for instance, in [5, [11] [12] [13] . From the largest eigenvalue of I [w i , w j ], one can evaluate the maximum axial frequency at leading order in log N :
which is a function of ν and N [5] . In section 3.2, we define an appropriate thermodynamic limit for which ω max and ω ⊥ min are finite and tend to a constant value as N → ∞.
Thermodynamic limit
The assumption of a harmonic confinement, imposing certain boundary conditions on the ion chain, implies well-defined dynamics. These exhibit several peculiar features which differ from the ones of a homogeneous Coulomb chain with periodic boundary conditions. Nevertheless, in the thermodynamic limit the two predictions must converge. We define the thermodynamic limit by assuming constant interparticle spacing (thus constant linear density) at the centre of the chain x = 0 as N → ∞, namely requiring a 0 = a L (0) to be constant. This requirement corresponds to a vanishing axial frequency, according to
as N → ∞, where ν 0 = √ g a 3 0 has the dimensions of a frequency, with g = 64Q 2 /9m. By applying this thermodynamic limit to equation (14), we find that the frequencies of the long-wavelength excitations vanish as √ log N/N, and recover the same behaviour as that of the homogeneous Coulomb chain at long wavelengths, see equation (A.5) for comparison. Moreover, in this limit approximation (17) applies and the excitations can be approximated with phononic waves.
In this thermodynamic limit, the maximum axial frequency (19), as well as the minimum transverse frequency (18) 
. These values coincide with the ones obtained for the homogeneous chain. The reader is referred to the appendix for the derivation of these results by using periodic boundary conditions.
Thermodynamics of the ion chain
In this section, we review briefly some thermodynamic properties of the chain in the thermodynamic limit (20), focusing on the low temperature behaviour, and assuming that ω max ω ⊥ min , i.e., that there is a gap between axial and transverse excitations. In this limit, for temperatures k B T hω ⊥ min the dynamics of the system is one-dimensional. The linear chain is assumed to be in equilibrium with a thermal bath at temperature T. The oscillations around the classical equilibrium points are quantized using standard procedures, and the one-dimensional dynamics are described by N quantum harmonic oscillators of frequencies ω n . The state of the system at constant number of ions N is described by the density matrix of the canonical ensemble ρ = exp(−βH )/Z, where
is the partition function, which determines the Helmoltz free energy F = −k B T log Z and H 0 is the ground state energy. We consider the thermodynamic behaviour as a function of the thermodynamic variables with T, temperature, and ν, the axial trap frequency, whose variation corresponds to a variation in the length of the chain [2] .
It is expected that the thermodynamic functions of a Coulomb chain exhibit nonextensitivity, as the system is characterized by long-range interaction. However, for some thermodynamic functions non-extensivity is only found in the quantum regime. A representative example is the heat capacity
Here, at temperatures κ B T hω max (but k B T hω ⊥ min ), the axial modes are unfrozen and the dynamics are described by N harmonic oscillators in the classical limit. Hence, the Dulong-Petit law holds and the heat capacity is an extensive thermodynamic function. In the low-temperature limit, at temperatures such that the contribution of the long-wavelength excitations to the sum is predominant, C a is linear in the temperature, and the proportionality coefficient scales as N/ √ log N [5] . The proportionality to the temperature is a characteristic behaviour encountered in a one-dimensional Debye crystal [7] . Differently from Debye crystals, however, C a exhibits a clear deviation from extensivity at low temperatures. This deviation is due to the density of states, and it is thus intimately connected with the quantum dynamics of the ion chain. Note that in this regime the relative energy fluctuations are of the order ( √ log N/N) 1/2 ; therefore the usual equivalence of ensembles holds. The behaviour of C a as a function of the temperature is displayed in figure 1(a) for a chain of 1000 ions. Another interesting thermodynamic function is the coefficient of thermal expansion. This takes the form
whereby κ T is the isothermal compressibility, which takes a constant, non-vanishing value. In particular, it scales as κ T ∼ log N , and α T is proportional to the heat capacity, and hence shows linear dependence at low temperatures, and saturation at high temperatures. This coefficient exhibits non-extensivity, and it vanishes in the thermodynamic limit as α T ∼ (log N) −3/2 at low temperatures, and as α T ∼ 1/ log N at higher temperatures, when the heat capacity tends to a constant value. This behaviour is in contrast to the one found for uniform harmonic solids, where the coefficient of thermal expansion vanishes, the eigenfrequencies being independent of the system size [7] . It does not vanish in finite Coulomb chains inside harmonic potentials. In fact, variations of L, hence of ν, imply a variation of the eigenfrequencies, as is clear from the form of spectrum (14) . The behaviour of α T as a function of the temperature is displayed in figure 1(b) for a chain of 1000 ions. From comparison with the specific heat C a /N in figure 1(a) , it is visible that both thermodynamic functions exhibit the same functional dependence on T.
Discussion
Let us now discuss some basic assumptions of these results in relation to experimental realizations of Coulomb chains [6] . In deriving the thermodynamic relations, we have made several implicit assumptions: the most relevant ones are (i) the chain is at thermal equilibrium with a bath at temperature T, (ii) the chain is stable under thermal excitations and (iii) at very low temperatures we treat the eigenmodes as quantum harmonic oscillators, but neglect quantum statistics of the particles. We address these points separately. Point (i) is an open problem of non-equilibrium statistical mechanics, namely the characterization of the steady state of a laser-cooled system in the thermodynamic sense [14] . When the laser is switched off, however, one can assume that thermalization among the oscillators is provided by weak coupling due to anharmonicities. Thus, each oscillator is coupled to a bath constituted by the other modes and they reach a thermal distribution at steady state. When this occurs, the temperature can be defined from the Boltzmann factor, which can be determined through the ratio between the occupation of neighbouring levels of each oscillator. This assumption is valid as long as the coupling due to anharmonicities, although weak, is larger than the coupling to the environment, for example to the fluctuations at the trap electrodes. Heating of the motion of trapped ions has been measured, showing that very stable trapping potentials can be realized [15] .
The thermal stability of the chain, point (ii), corresponds to the situation in which the displacements about the equilibrium positions are much smaller than the respective interparticle distance. This condition brings to the relation
which is satisfied in experimentally accessible parameter regimes [5] . The irrelevance of quantum statistical effects at low temperature, (iii), can be verified by comparing the interparticle distance in the centre a 0 , where it takes the minimal value, with the size of the single-particle wavefunction σ 0 = √h /mν determined by the axial harmonic confinement. Substitution of typical values for ion traps, which can be found, for instance, in [6] shows that a 0 σ 0 by several orders of magnitude. Hence, quantum statistical effects can be neglected, and the particles are distinguishable even at T → 0. A discussion about quantum statistical effects of ions in traps can be found in [16] .
In this analysis, we have neglected the role of anharmonicities, which we invoke, however, for claiming ergodicity. Ergodic behaviour due to anharmonicities has been found in laser cooling simulations of two trapped ions [17] . In general, at low temperatures, i.e., for small particle displacements, we expect that anharmonicities will give rise to coupling between degenerate radial and axial modes, hence to small gaps in the spectra and broadening of the spectral components.
